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A numer ica l  method is outlined by which the f i r s t  few eigenvalues  in the spec t rum of f ini te-  
d i f ference  approximat ion  equations can be de te rmined  for  the case  of smal l  pe r tu rba t ions  in 
p r o b l e m s  concerning natura l  convect ion in a homogeneous incompress ib l e  fluid. 

In analyzing the hydrodynamic  s tabi l i ty  during heat  convection, when the flow mode (monotonic or  
osc i l l a to ry  instabil i ty) is to be es tab l i shed  and when the c r i t i ca l  value of the Rayleigh number  is to be de-  
t e rmined  together  with the cor responding  wave number ,  it suff ices  to find the f i r s t  few eigenvalues  of the 
p rob l em in the p a r a m e t e r  k ,  if the solution is a s s u m e d  to be an exponential  function of t ime exp (kT). The 
B u b n o v - G a l e r k i n  method, which is commonly  used  for  this purpose ,  runs  into cer ta in  diff icult ies in a 
number  of c a se s  (for example ,  in the p rob l em Of natura l  convection in a semiinf ini te  medium with a uni-  
f o r m  injection). 

In this a r t i c le  the author  p r o p o s e s  a numer i ca l  method of solving such p rob l ems .  The f i r s t  few 
eigenvalues  of a p rob l em  a re  de te rmined  by the fully s tabi l iz ing s t e p - b y - s t e p  power  method [4]. The 
s tabi l izat ion method in [5] is used  for finding the e igenvee tors  of the p rob l em d i rec t ly  f rom the f ini te-  
d i f fe rences  approx imat ions  to the s y s t em  of t r ans ien t  equations for  smal l  pe r tu rba t ions .  

We will cons ider  the genera l  case  of natural  convection and a t r a n s v e r s e  flow in a homogeneous 
liquid. In o r d e r  to evaluate the e f fec t iveness  of this method,  it was applied to s eve ra l  p rob l ems  whose 
solutions had a l r eady  been obtained e a r l i e r  by o ther  methods [1-3]. 

f .  We cons ider  a hor izonta l ly  infinite plane l aye r  of an incompress ib le  homogeneous fluid. The 
ve r t i c a l  Z -ax i s  will or ig inate  at the lower  boundary  of the liquid l aye r .  A uni form injection (or ejection) 
at a veloci ty  w0 will be a s s um ed  to occur  through the unequally heated boundary su r f aces  of this l aye r .  If 
the liquid l aye r  has  no upper  boundary,  then we st ipulate a t e m p e r a t u r e  of the liquid at infinity. 

The sy s t e m  of equations for  the ampl i tudes  of smal l  t e m p e r a t u r e  O(~, z) pe r tu rba t ions  and veloci ty  
o~ 0", z) (Z-component)  pe r tu rba t ions ,  a s suming  the solution to be per iod ic  in the hor izonta l  plane,  will be 
wri t ten  as  follows (with the wave number  M): 

0 
- -  - -  D~o + D l t o  - -  R M 2 O  = 0 ,  

0~ 
(1) 

Pr O O--D~0~-T0(o = 0  

f o r  w = a w / a z  = 0 a t  z = 0,  1 and with the cor responding  boundary conditions for  | 

The quanti t ies  in s y s t e m  (1) a re  d imens ion less .  As the c h a r a c t e r i s t i c  units we choose H, AT, a / H ,  

and H2/v for  the length, the t e m p e r a t u r e ,  the veloci ty,  and t ime,  r e spec t ive ly .  

The gradient  T'0(z) of an unper tu rbed  t e m p e r a t u r e  dis t r ibut ion is: 
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a) for the Rayleigh problem (a = 0) with boundary conditions of the first kind [I] and of the third kind 

[2] for | 

To (z) = - l ,  (2) 

b) fo r  the g e n e r a l i z e d  R a y l e i g h  p r o b l e m  (a ~ 0) wi th  a u n i f o r m  i n j e c t i o n  (or  e j ec t ion )  [3], 

To (z) a exp ( - -  czz), (3) 
1--  exp ( - -  a) 

e) fo r  a r e g i o n  wi thout  u p p e r  b o u n d a r y  and with  e j e c t i o n ,  

T0 (z) = - -  a exp ( - -  c~z). (4) 

We note  tha t  the p r o b l e m  canno t  be  f o r m u l a t e d  in t e r m s  of s m a l l  p e r t u r b a t i o n s  a s  (1) fo r  a l a y e r  
wi thout  u p p e r  b o u n d a r y  and with  e i t h e r  a s t a t i o n a r y  l iqu id  o r  a u n i f o r m  in j ec t i on  t h rough  the t o w e r  b o u n d -  
a r y  s u r f a c e ,  s i n c e  u n d e r  e i t h e r  of t h e s e  cond i t i ons  t h e r e  i s  no s t e a d y  d i s t r i b u t i o n  of u n p e r t u r b e d  t e m -  
p e r a t u r e .  

S y s t e m  (1) can  be  c o n v e n i e n t l y  r e w r i t t e n  in  m a t r i x  f o r m :  

A X - - B  0 X = 0 ,  (S) 
& 

w h e r e  A and B a r e  m a t r i c e s  of s e c o n d  rank :  

A =  ~ -  ~ - - K  , 

K T o  - -  K D  2 

and X = X(w, O) is a two-dimensional vector. 

B =  D 0 , K = V ' F M ,  

- -  K P r  

(6) 

If the time-dependence of the vector in Eq. (5) is exponential, exp (hT), then we have the generalized 

eigenvalue problem in the parameter X: 

A X - -  ~,B X = 0. (7) 

For a symmetric matrix A(T' 0 = -i) and with sign-definite operators in elements of the matrices A 

and B (oz = 0), the criteria of orthogonality and normalization for the eigenvectors in problem (7) with 

homogeneous boundary conditions are defined as follows: 

1 
N o = (X 1, BX2) --  (%, D%) & Pr K (01, @2). (8) 

K 

If the a p p r o x i m a t i o n  tz to an e i g e n v a l u e  of p r o b l e m  (7) has  b e e n  found by  any m e a n s  w h a t e v e r ,  then 
the e i g e n v a l u e  can  be  found m o r e  e x a c t l y  by  the W i e l a n d t  m e t h o d  [4]. The  g i s t  of th i s  m e t h o d  is to s e e k  
the s m a l l e s t  e i g e n v a l u e  ~? = k - #  of the sh i f t ed  m a t r i x  A - / z B ,  w h e r e  k d e n o t e s  the e x a c t  e i g e n v a l u e  of the 
o r i g i n a l  p r o b l e m .  

With  a l l  th i s  in v iew,  p r o b l e m  (7) of f ind ing  an e i g e n v a l u e  m o r e  e x a c t l y  b e c o m e s  

(A - -  I~B) X - -  ~IB X = O, (9) 

and  the c o r r e s p o n d i n g  Eq.  (5) b e c o m e s  

o x = o. 0o)  (A - -  lzB) X - -  B a~- 

2. For a numerical determination of the first few eigenvalues of problem (7) by iteration methods, 
it is worthwhile to consider the finite-differences approximation to the transient equation (5). If a step 

along the time coordinate is denoted by AT and a step along the space coordinate is denoted by h, then the 
finite-differences equation corresponding to (5) will be 

1 (BX)zi , T ~ ( A X ) i _  1 ( B f f ] ( - ~ - - ( e - - D ( A ~ i : - ~  . . ,  , ,  . . ,  
At At 

( ] = 1 ,  2, 3 . . . .  ; i = 0 ,  i, 2 . . . . .  N), (11) 

where a superscript and a subscript indicate a discrete variation of a given quantity along the time coordi- 
nate and along the space coordinate, respectively, N is the number of points on the interval, and the real 
parameter e can vary within 0 <-- e -< i. 
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With the aid of Eq. (11) one can use  the s tab i l i za t ion  method  [5] fo r  de t e rmin ing  the f i r s t  e i ge n v e c to r  
( r egu la r  solut ion ~exp  (X~-)) which c o r r e s p o n d s  to the l a r g e s t  e igenvalue .  Taking  an a r b i t r a r y  v e c t o r  X ~ as 
the s t a r t ,  we obtain  a d i s c r e t e  in t ime sequence  of va lues  X 1 (~ = 1, 2, 3 . . . .  ) (analogous to the i t e ra t ion  s e -  
quence  fo r  the m a t r i x  of an a r b i t r a r y  v e c t o r  in the p o w e r  me thod  of  solving the p a r t i a l  e igenva lues  p r o b l e m  
in [4]). If the p r o c e s s  of  de t e rm i n i ng  xJ f r o m  Eq. (11) has  s tabi l ized ,  then the f i r s t  e igenvalue  is equal to 
the ra t io  of the r e s p e c t i v e  componen t s  of  v e c t o r s  which r e p r e s e n t  the succeed ing  and the p r e c e d i n g  ap -  

j . - j - 1  
p r o x i m a t i o n  (the l a t t e r  n o r m a l i z e d  in a defini te  manne r ) :  Xp = x i / x  i (the dash ove r  the symbol  denotes  a 

n o r m a l i z e d  quanti ty) .  On the o the r  hand, in this ease  xJ ,  xJ -~ sa t i s fy  Eq. (7). In se r t i ng  (AX) i and (AX)i-1 

f r o m  (7) into (11) and us ing  o p e r a t o r  B -~ on the l e f t -hand  side,  we obtain  the fol lowing re l a t ion  between 
Xp and X: 

)~# = 1 +  ( l --e))~A~ (12) 

Inasmuch  as  the elemetats  of  m a t r i x  A in (6) conta in  f o u r t h - o r d e r  d i f fe ren t ia l  o p e r a t o r s ,  some  t e r m s  
of  the f i n i t e - d i f f e r e n c e s  equat ion (11) will  conta in  the f a c t o r  h 4. As  a resu l t ,  in a digi ta l  c o m p u t e r  des igned  
fo r  7 - d e c i m a l  n u m b e r s  (Minsk-22) s o m e  s ign i f ican t  digi ts  will  be lost .  

T h e r e f o r e ,  fo r  c o m p u t e r - t e c h n i c a l  r e a s o n s ,  it will  be wor thwhi le  to r ep l ace  the f o u r t h - o r d e r  s y s t e m  
(1) by an equivalent  s y s t e m  of s e c o n d - o r d e r  equat ions .  This  is ach ieved  by in t roduc ing  a new funct ion 
~0 (z, T) a c c o r d i n g  to the equat ion 

Dco = % (13) 

With this  subst i tu t ion,  then, (5), (7) and (9), (10) r e t a in  the i r  f o r m  and only m a t r i c e s  A, B as  well  as  
Vector  X a r e  now rede f ined  as  o] [io Oo] A =  -- /(~ , B =  I , X = X ( ~ ,  f0, | (14) 

To D~ 0 - -P r  

while r e l a t ion  (8) fo r  this ca se  b e c o m e s  
! 

No:-- ~ (-~ Oll%--PrK@x02 )dz. (15) 

0 

If in Eq. (11), with A r e p l a c e d  by A - ~ B ,  the o p e r a t o r s  on the space  coord ina te  in e l e m e n t s  of  the 
m a t r i c e s  A and B in (14) a r e  r e p l a c e d  by s y m m e t r i c  t h r e e - p o i n t  d i f f e r ences ,  then, a f t e r  a few t r a n s f o r m a -  
t ions ,  we obtain the fol lowing r e c u r r e n t  equation:  

A~Xi+~ + : ' C~ Xi-, -:-~ -:-' B1 Xi -r- = A2 Xi+l + B 2 :~-1 + C2 Xk-I (16) 

(1 =1,  2, 3 . . . .  ; i = ~ ,  2, 3; N - - t ) ,  

where  A 1, B 1, C 1 a r e  m a t r i c e s  of the th i rd  rank  

0 %3 L~31 0 

and X j = X(w{, ~ i '  Ol) is a t h r e e - d i m e n s i o n a l  vec to r .  

The e l e m e n t s  of m a t r i x  (17) a r e  defined as fol lows:  

~ ~3 ' Q =  ~ ' 
~3J 0 %a 

(17) 

f Z 1 1 : ~ 1 1 : E ;  (Z22 , " ~ 2 2 : g  (1-4- a-~r ) �9 
~lX : - -  e (2+ h~MZ); 1~12 : - -  eh~; ~2 -- 

%3, ~3~ = - - e  ( 1 + ~ )  ; 

h2 
[2+  (M ~ + ~) h ~] ; 

A-r 
0s)  

Pr h ~ [2+ (M S + Pr ~) ~2n = - - e h 2 M 2 R ;  ~al ~ eh~(T0)i; ~33-- A~ + e h ~] . 

M a t r i c e s  A 2, B 2, C 2 a r e  ana logous  to m a t r i c e s  A 1, B 1, C l, except  that  in Eqs .  (18), which define 
the i r  e l emen t s ,  e m u s t  be r e p l a c e d  by e - 1 .  

In o r d e r  to solve p r o b l e m  (16) with the r e s p e c t i v e  b o u n d a r y  condi t ions  we use  the sweep method.  
will  seek  the solut ion in the f o r m  of a r e c u r r e n c e  r e t a t ion  

We 
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x{ = P, x~+1 + Q{, (19) 

t h r e e - d i m e n s i o n a l  m a t r i c e s  Pi  and v e c t o r s  Q~ (i = 1, 2, 3 . . . .  , N - l )  a r e  to be d e t e r m i n e d  in the whe re  the 
f i r s t  s tage  of  the sweep ( fo rward  sweep).  

& 

The r e c u r r e n c e  f o r m u l a s  fo r  P i '  Qi (i = 1, 2, 3 . . . . .  N - l )  a r e  

P~ = - -  (BI d- CiP~_i) - i  At, 

Q~: = (B, + C:,P~_O -~ (R{- '  c ; - -  1 O~-:), (20) 

R{-' - ;- ,  - i -1  = 4- C z X~_:  . 

The initial value P0 of the matrix and Q! of the vector will be determined from the c o r r e s p o n d i n g  
c o n s t r a i n t  on the l e f t -hand  boundary .  

F r o m  the b a c k w a r d  sweep we find X~q a c c o r d i n g  to the r e c u r r e n c e  fo rmu la  (19) f r o m  the cons t r a in t  
on  the r i g h t - h a n d  s ide and f r o m  r e l a t i o n  (19) fo r  point  i = N - 1 .  

3. In o r d e r  to d e t e r m i n e  the f i r s t  t h ree  e i g e n v e e t o r s  and the c o r r e s p o n d i n g  e igenva iues ,  we use  the 
fully s tab i l i z ing  s t e p - b y - s t e p  method  [4]. The gis t  of this method ,  as  appl ied to our  s c h e m e  for  solving 
Eqs .  (16), is as  fol lows.  

Le t  X~, X ~ X~ be th ree  a r b i t r a r y  l i n e a r l y  independent  3(N + 1)-di:.vmnsional v e c t o r s .  We c o n s t r u c t  
a sequence  to the s y s t e m  us ing  th ree  mutua l ly  o r thogona l  v e c t o r s  X~, X~, X~ (j = 1, 2, 3 . . . .  ) which r e p r e -  

sent  sequent ia l  in t ime a p p r o x i m a t i o n s  to the init ial  v e c t o r s  X~, X~, X~, a c c o r d i n g  to the adopted method  
of solving the f i n i t e - d i f f e r e n c e s  equa t ions  (16) with the c o r r e s p o n d i n g  boundary  condi t ions .  

The p r o c e s s  of f inding the sa id  f r e q u e n c y  will  be denoted by  o p e r a t o r  A so that  

X ~ = A Y , [ - '  (~ : 1 ,  2, 3 ; i = : ,  2, 3 . . . .  ) .  (2l)  

In o r d e r  to avoid  an i n c r e a s e  in the n u m b e r  of componen t s ,  it is adv isab le  in the ca lcu la t ion  by any 
one method to a s s ign  n u m b e r s  to the v e c t o r s  obta ined  in each  step.  Or thogona l i za t ion  and n o r m a l i z a t i o n  
of  the v e c t o r s  is in ou r  ea se  ef fec ted  in the g e n e r a l i z e d  sense  a c e o r d i n g  to re la t ion  (15), with the i n t e g r a -  
t ion r e p l a c e d  by  a s u m m a t i o n  ove r  subdiv is ion  points  i = 0, 1, 2 . . . .  , N of the in te rva l .  

On the b a s i s  of the t h e o r e m  in ([4], p .  384), the sequence  to the s y s t e m  of v e c t o r s  X~, X~, XJ a has 
the l imi t s  Xl, X 2, X a and these  l imi t  v e c t o r s  lie in an invar ian t  subspaee  which extends  o v e r  a s y s t e m  of 
t h r ee  e i g e n v e c t o r s  c o r r e s p o n d i n g  to the f i r s t  th ree  e igenva lues  Xpi, Xp2, 7Vp3 o r  o v e r  a s y s t e m  of one 
e i g e n v e e t o r  and two roo t  v e c t o r s  c o r r e s p o n d i n g  to equal e igenva lues .  

Thus  the p r o b l e m  has  been  r e d u c e d  to the comple te  e igenvalue  p r o b l e m  in a given t h r e e - d i m e n s i o n a l  
subspace .  

As  the b a s i s  of this  s y s t e m  we will  choose  v e c t o r s  Xl, Xf, X a. Then 
3 

A X ~ = ~ a , ~ , , X , ,  ( n = l ,  2, 3); (22) 
m : l  

so that  the m a t r i x  

~2~ / (23) 
~33] 

By v i r t u e  of  the o r t h o g o n a i i t y  of  v e c t o r s  X1, 

(7-,11 Cr 

L ~ I(2,21 cr 
LOCal (:za~ 

is a m a t r i x  of  the induced o p e r a t o r  in the chosen  subspace .  
X2, X3, the e l e m e n t s  of  m a t r i x  L a r e  r e l a t ed  as  fol lows:  

c"r~n = (ANn, XT~). (24) 

The sought  e igenva lues  of  p r o b l e m  {16) co inc ide  with the e i g e n v a l u e s ' o f  m a t r i x  L,  which have been  
denoted  by  ~pn (n = 1, 2, 3). L e t  the c o r r e s p o n d i n g  e i g e n v e c t o r s  of  m a t r i x  L be a n = an(an i  , a n 2  , an3). 
In the b a s i s  X l, X 2, X3, then, the c o o r d i n a t e s  of the e i g e n v e c t o r s  of p r o b l e m  (16) Ui, U2, U3, which c o r -  
r e spond  to the sought  e igenva lues ,  a r e  equal  to the c o o r d i n a t e s  of the e i g e n v e c t o r s  (or one e i g e n v e c t o r  
and two roo t  v e c t o r s )  of m a t r i x  L, namely :  

3 

U n = ~  a~r " x  m ( n = I ,  2, 3). (25) 
m = I  
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TABLE 1. Pa rame te r  R in the Rayleigh Pr'oblem, as a Function of 
the Wave Number M on the Neutral Line in the Cri t ical  Range, for 
Various Step Sizes h in the Fini te-Differences  Schedule 

M 

3,00 
3,13 
3,26 

0,02 

1705,9 
1702,5 
1707,6 

0,01 

1709,9 
1706,5 
1711,4 

0,008(3) ] 0,00625 

1710,3 ] 1710,7 
1706,9 1707,3 
1712,1 1712,5 

0,00(51 

1710,8 
1707,5 
1712,6 

0,005 

1710,8 
1707,4 
1712,5 

Exact 
solution [1] 

1711,2 
1707,8 
1713,0 

Indeed, if in the relat ion 

A U~ = ~p,, U, (n = l ,  2, 3) 

we express  the eigenvectors  U n (n = 1, 2, 3) according to formula {25), then with the aid of relation (22) 
we obtain the equality 

3 3 

~, (~.~ az,~a,,,~--~.p,,a,~,)X, = 0  (n = 1 ,  2, 3), z ~  
/= I  rn= l  

and f rom here ,  by virtue of vectors  Xt, X2, X3 being l inear ly  independent, 
3 

~'~ ~z~ma,~ m = ~,p~a,~ z (t, n = 1, 2, 3), 
r n ~ l  

o r  

(26) 

La~ =)~p~a~ (n----l, 2, 3), 

indicating that a n is,  indeed, the eigenveetor of mat r ix  L which corresponds to the eigenvalue hpn (n = 1, 
2, 3 ) .  

The accuracy with which the eigenveetors are determined by this method can be readily est imated 
on the basis  of the variance between a succeeding and a preceding iteration. Denoting the vector variance 

by An and its norm by 5n, we obtain the relat ion 

~n i --i -'- =AUn--~p~Un, 5~=V(A~,  A~) ( n = l ,  2, 3), (27) 

where the scalar  product,  as everywhere here,  is taken in accordance with expression (15). 

The real  eigenvalue k n of problem (7), which corresponds to the eigenvalue kpn (n = 1, 2, 3) of the 
f ini te-differences  problem, will be determined with the aid of (12). 

We note that the speed at which the vectors  stabilize by this method depends on the ratio X4/X 3. 

4. a) For  the Rayleigh problem with zero boundary va.lue of velocity, of its f i r s t  derivative,  and of 
tempera ture  we determine from (13) the initial values P0, Q~ for the forward sweep and X3 N for the back- 
ward sweep: 

P0= [ i h  0 i ] 2  z 0 ' Q~=Q~(0' 0' 0)' X~=XiN(0' (P] ' 0 ) ' l ' h 2  2) (28) 

0 %r l, �9 
For  boundary conditions of the third kind [2] 

00 - - - - = = y B i O  npn z = 0 ,  t Oz 
we determine the corresponding values P0' Q~' and XJ N as follows: 

P0= [ i2 0 0 ] p~ 1)=2/h'' p~ 3 ) = I / ( l + h B i ) ' p o  , 1) 0 0 (29) 
0 Po (3, 3) Q~ = Q~ (0, 0, 0), X/~ = X/,v (0, r ON), 

where go N and | are found by solving the algebraic sys tem 

[PN(l, 2 ) - - ~ 1  ~V-}-pN_,(1, 3) ON =--q~_,(1) ,  

P,v-, (3, 2) q~,v -F [ PN--I (3, 3) - -  ( l  + h Bi)] O,v = - -  qN-I (3). 

468 



TABLE 2. 
at Various Values of the Blot Number 

F i r s t  E i g e n v a l u e  X 1 fo r  the C r i t i c M  R* and M* N u m b e r s  

Bi 0 0, i 0,25 0,5 I 5 i0 I00 

1,40 
840 

--0,005 

1,75 I 2,0 920 lO00 
0,030 0,042 

2,25 
1100 
0,024 

2,75 
1400 
0,025 

M 1,25 
R 740 
~1 --0,057 

3,01 ] 3,13 
1550 1707 
0,352 0,245 

T A B L E  3. P a r a m e t e r  R a s  a F u n c t i o n  of the 
Wave  N u m b e r  M on the N e u t r a l  L i n e ,  a t  the 
Value  of the  In j ec t i on  P a r a m e t e r  oz = 3 

M 2,9 3,0 3,1 3,2 3,35 3,5 3,65 

R 2612 2584 2565 2554 2550 2561 2587 

The p r o b l e m s  in th i s  a r t i c l e  w e r e  s o l v e d  fo r  the 
p a r a m e t e r s  oz = 0 and P r  = 0.7 by  the i m p l i c i t  s c h e m e  
8 = 1 .  

The  c o m p u t e r  v a l u e s  of p a r a m e t e r  R in the R a y -  
l e igh  p r o b l e m  a r e  shown in T a b l e  1 fo r  t h r e e  v a l u e s  
of the wave  n u m b e r  M wi th in  the c r i t i c a l  r a n g e ,  wi th  
v a r i o u s  s t ep  h s i z e s  in the f i n i t e - d i f f e r e n c e s  s c h e m e .  
The f i r s t  e i g e n v a l u e  X 1 was  r e d u c e d  t o w a r d  z e r o  

(~10-3) ,  the  n o r m  of the v a r i a n c e  fo r  the f i r s t  e i g e n v e c t o r  was  s e t  a t  51 10 -a,  whi le  fo r  the s e c o n d  and 
t h i r d  e i g e n v e e t o r  we ob t a ined  5 1,2 N 10-4_10-5. The i n i t i a l  va lue  of v e c t o r s  X~ (n = 1, 2, 3) fo r  th i s  e a l e u -  
l a t i o n  w e r e  c h o s e n  a r b i t r a r i l y ,  and then  fo r  the o t h e r  p a r a m e t e r s  R and M we chose  as  the i n i t i a l  v a l u e s  
the e i g e n v e e t o r s  found fo r  the p r e c e d i n g  v a l u e s  of t h e s e  p a r a m e t e r s .  Th i s  e n s u r e d  the n e c e s s a r y  a c c u -  
r a c y  a f t e r  1-2 i t e r a t i o n s ,  whi le  the s t ep  a long  the t i m e  c o o r d i n a t e  cou ld  be  c h o s e n  of any l eng th  b e t w e e n  
0.1 and 4. In the l a s t  co lumn  of T a b l e  1 a r e  shown the r e s u l t s  of an e x a c t  so lu t i on  [1]. 

The  v a l u e s  of p a r a m e t e r  R in the p r o b l e m  wi th  b o u n d a r y  cond i t i ons  of the t h i r d  k ind  w e r e  t aken  f r o m  
[2], a s  w e r e  a l s o  the c o r r e s p o n d i n g  v a l u e s  of the wave  n u m b e r  M on the l ine  of m i n i m u m  Blo t  n u m b e r ,  and 
the f i r s t  t h r e e  c o r r e s p o n d i n g  e i g e n v a l u e s  of  the p r o b l e m  w e r e  d e t e r m i n e d  fo r  t h e s e  p a r a m e t e r  v a l u e s  and 
with  h = 0.00625.  Only  the f i r s t  e i g e n v a l u e  i s  shown in T a b l e  2. A s  can  be s een  h e r e ,  X 1 ~ 10-1-10 -2. 

A s  was  to be  e x p e c t e d ,  the induced  m a t r i x  L in t h e s e  p r o b l e m s  i s  a d i a g o n a l  one,  s i n c e  the  v e c t o r s  
of  s e q u e n c e  (21) have  been  r e d u c e d  to o r t h o g o n a l i t y  in the g e n e r a l i z e d  s e n s e  (15), s i n c e  the  o r i g i n a l  m a t r i x  
A in (6) i s  s y m m e t r i c ,  and s i n c e  the  d i f f e r e n t i a l  o p e r a t o r s  in e l e m e n t s  of the m a t r i c e s  A,  B a r e  s i g n -  
de f in i t e .  

b) The  p r o b l e m  of  h y d r o d y n a m i c  s t a b i l i t y  wi th  e j e c t i o n  [3] was  s o l v e d  fo r  the b o u n d a r y  c ond i t i ons  
(28) and the p a r a m e t e r s  a = 3, P r  = 1 w i t h  e - 1  a n d h  = 0 . 0 1 .  The v a l u e s  of M and R on the n e u t r a l  l ine  
a r e  shown in T a b l e  3. A c e o r d i n g  to the da ta  in T a b l e  3, the m i n i m u m  va lue  i s  R* = 2550 and e o r r e s p o n d s  
to M* = 3.31. I n a s m u c h  a s  the c h a r a c t e r i s t i c  d i m e n s i o n  in [3] i s  one ha l f  of the c h a r a c t e r i s t i c  l ength  s t i p u -  
l a t e d  h e r e ,  the p a r a m e t e r  v a l u e s  r e f e r r e d  to one ha l f  of o u r  d i m e n s i o n  wi l l  be  oz = 1.5, R* :- 160, and M* 
= 1.66, which  a g r e e s  wi th  the d a t a  in [3]. 

NOTATION 

Pr is the Prandtl number; 

o~ = woH/a is the Peelet number; 

Bi  i s  the B lo t  n u m b e r ;  
AT = T I - T  2 i s  the t e m p e r a t u r e  d i f f e r e n c e  b e t w e e n  the l o w e r  and u p p e r  p l a n e ;  
a i s  the t h e r m a l  d i f fu s iv i t y ;  
v i s  the k i n e m a t i c  v i s c o s i t y ;  
/~ = - ( 1 / 0 ) ( a p / a T ) p  i s  the t h e r m a l  v o l u m e  e x p a n s i v i t y ;  
R = gpH2AT/av  i s  the R a y l e i g h  n u m b e r ;  
g i s  the a c c e l e r a t i o n  of f r e e  fa l l ;  
H i s  the he igh t  of the l i qu id  l a y e r ;  
qN(n) (n = 1, 2, 3) i s  the c o m p o n e n t  of  v e c t o r  QN; 
PN(n, m) a r e  the  e l e m e n t s  of the m a t r i x  PN; 
n, m a r e  the n u m b e r  of the  row and the c o l u m n ,  r e s p e c t i v e l y  (n, m = 1, 2, 3); 
D : a/az-M2; 

D i = D3D; 

D 2 = c~ (8/8z) + D; 

D 3 =(a/Pr)(8/Sz) + D. 
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